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We investigate experimentally the structure of quasi-two-dimensional plane turbulent
jets discharged vertically from a slot of width d into a fluid confined between two
relatively close rigid boundaries with gap W ∼ O(d). At large vertical distances zW
the jet structure consists of a meandering core with large counter-rotating eddies,
which develop on alternate sides of the core. Using particle image velocimetry, we
observe an inverse cascade typical of quasi-two-dimensional turbulence where both the
core and the eddies grow linearly with z and travel at an average speed proportional to
z−1/2. However, although the present study concerns quasi-two-dimensional confined
jets, the jets are self-similar and the mean properties are consistent with both
experimental results and theoretical models of the time-averaged properties of
fully unconfined planar two-dimensional jets. We believe that the dynamics of the
interacting core and large eddies accounts for the Gaussian profile of the mean
vertical velocity as shown by the spatial statistical distribution of the core and eddy
structure. The lateral excursions (caused by the propagating eddies) of this high-speed
central core produce a Gaussian distribution for the time-averaged vertical velocity.
In addition, we find that approximately 75 % of the total momentum flux of the jet
is contained within the core. The eddies travel substantially slower (at approximately
25 % of the maximum speed of the core) at each height and their growth is primarily
attributed to entrainment of ambient fluid. The frequency of occurrence of the eddies
decreases in a stepwise manner due to merging, with a well-defined minimum value of
the corresponding Strouhal number St > 0.07.
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1. Introduction
The study of turbulent plane jets is relevant to a wide variety of problems where
both qualitative and quantitative knowledge of the concentration in time and space
of tracers transported by the jet is needed (Kotsovinos 1975). In many industrial
applications, effluents, waste or even pollutants are released into large basins such as
lakes or oceans. The source of the discharge can be rivers (see e.g. Rowland, Stacey
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& Dietrich 2009, and references therein) or multiport diffusers (for an extensive study,
see Jirka 2006). In both situations, characteristic horizontal dimensions are much larger
than the fluid-layer thickness and the flow develops in a confined environment. Early
experimental studies of bounded plane jets by Foss & Jones (1968) and Holdeman &
Foss (1975) showed the influence of secondary flows on the mean flow. However, as
Giger, Dracos & Jirka (1991) and Dracos, Giger & Jirka (1992) pointed out, these
secondary flows disappear beyond a distance of 10 flow thicknesses. The present work
focuses on this far-field region (z/W > 10, where z is in the flow direction and W
is the fluid-layer thickness), where the jet has been observed to meander due to the
development of large eddies that grow on its sides. In this far-field region, the initially
planar two-dimensional jet is referred to as a quasi-two-dimensional jet because of the
influence of the spanwise restriction on the flow. The key characteristic of quasi-two-
dimensional jets is the development of an instability (see Chen & Jirka 1998 for a
linear stability analysis of shallow-water jets) featuring large planar counter-rotating
eddies. Dracos et al. (1992) noted that the spanwise distribution of the velocity was
approximately uniform. Moreover, they found that in the far field the mean properties
of the jet remained unchanged and turbulent energy was transferred to large scales,
thus indicating an inverse cascade characteristic of quasi-two-dimensional turbulence.
Dracos et al. (1992) observed and studied the significance of large coherent eddy
structures in the jet. However, using only point measurements, they could not
provide a complete dynamical study of these structures. Recently, Shinneeb, Bugg
& Balachandar (2011) conducted a statistical analysis of large vortical structures in
shallow-water jets using particle image velocimetry. However, their layer thickness
(W ∼ 5–15 d) was such that the flow evolution was inherently three-dimensional (albeit
confined), and they did not focus on the far-field region because their measurements
were taken only up to z/W 6 16. Their study was also uncorrelated in time, and so
they were unable to identify the inherent time dependence of the flow quantitatively.
We believe that a study of quasi-two-dimensional jets in the regime identified by
Dracos et al. (1992) is necessary to assess the impact of the characteristic flow
structures on the mixing, dispersion and diffusion of tracers in shallow jets, as
suggested by Jirka (2001). For instance, undiluted patches of pollutants carried by
a river discharging into the ocean can be disastrous for the local ecology. Information
about the size, speed and typical travel distances of these patches is therefore crucial.
To address this problem, we analyse the far field of a confined plane jet using particle
image velocimetry. With a fully resolved velocity field in time and space, we can
characterize the jet structure phenomenologically. We are particularly interested in
understanding quantitatively the relationship between the large-scale, and inevitably
transient, flow structures and the long-time-averaged mean properties of the plane jet.
The rest of this paper is organized as follows. In § 2 we describe the experimental
procedure. In § 3 we then provide a qualitative overview of the flow structures
observed from dyed-jet experiments and instantaneous velocity fields, while in § 4
we compare measurements of the time-averaged velocity field with classical theories
for two-dimensional plane jets. In § 5 we present a quantitative study of the flow
structures, in particular by tracking the large eddies as they interact with the high-
speed core. We discuss how the frequency of occurrence of the eddies changes with
distance due to eddy merger. The study of the probability density function of the core
shows that the time-averaged mean distribution of the velocity is due to the large-scale
dynamics of the core and eddy structure. Finally in § 6 we draw our conclusions.
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FIGURE 1. Schematic diagram of the experimental apparatus. The two PIV study areas are
shown with overlapping dashed lines.
2. Experimental procedure
The experimental apparatus is shown schematically in figure 1. Water jets were
discharged vertically upwards in a 1 m (L) × 0.01 m (W) × 1 m (H) tank made of
10 mm thick Perspex sheets. An aluminium structure, made of two vertical beams
located 0.4 m apart on each side of the jet axis and one horizontal beam located
0.8 m above the nozzle, was added on each side of the tank to increase the rigidity
of the walls and ensure a uniform gap width. Two overflows on the side of the tank
maintained a constant water depth at 0.915 m. The flow was driven by a constant-head
tank and discharged via a 0.1 m circular rigid tube of aspect ratio 20, leading to a
5 mm (d) × 10 mm (W) × 20 mm chamber and finally into the tank. The aspect ratio
of the tube was deemed sufficient to suppress any swirl in the flow. The flow rate
was controlled through a valve and measured with a precision balance and a stopwatch
for each experiment. The flow rate was found to be consistent in time, with an
accuracy of approximately 1 %. We conducted two distinct sets of experiments using
two qualitatively different techniques: dye tracking and particle image velocimetry
(PIV).
2.1. Dye tracking experiments
For the dye tracking experiments, we filled the tank with fresh tap water. We
injected dark blue food dye through a needle placed 0.2 m upstream of the nozzle.
Simultaneously, we pumped the same volume of fluid out to minimize the disturbance
introduced into the flow. Also, we injected the dye after the flow reached a steady
state in the tank. We used diffuse ambient lighting for these experiments. A red filter
was placed between the objective of the camera and the tank, as shown in figure 1,
to increase the contrast between the jets and the background. The flow motion was
recorded with a high-speed 8 bit grey-scale camera (Fastcam SA1.1 – Photron),
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mounted with a 62 mm focal-length lens. We analysed 40 dyed jets with jet Reynolds
number 2280 6 Rej = dws/ν 6 4030, where ws is the source velocity and ν is the
kinematic viscosity of water, using the software code DigiFlow (Sveen & Dalziel
2005). We determined the location of the edge of each dyed jet through an intensity
criterion. Since the contrast between the dyed surface and the background was very
strong, but not saturated, the edge of the jet was very sharp.
2.2. Particle image velocimetry experiments
For PIV experiments, the tank was filled with water mixed with Pliolite VTAC
particles of average diameter 0.23 mm, which served as passive fluid tracers for the
PIV. Approximately 2 ml of rinsing agent (Finish R© rinse aid) was added to the mixture
to prevent aggregation of Pliolite particles. The small change in surface tension had
no influence on the measurements. The choice of this particle size depended on
both hydrodynamic and optical criteria (see e.g. Drayton 1993). We find that the
particle diameter is of the order of the smallest Kolmogorov length scale found
in the flow, η ≈ 0.2 mm. Although this size is not optimal to study small-scale
turbulence, it was the minimum size that could be detected by the image software
while also capturing the largest length scales in the flow. The particle Stokes number
based on the Kolmogorov time scale was StkK 6 10−1 (see Xu & Bodenschatz 2008),
which guaranteed that these particles followed the fluid motion closely. The particle
concentration was kept relatively uniform at approximately 1.7 × 10−5 by volume due
to the turbulence in the tank. Since the particle concentration was smaller than 10−3
by volume, particle–particle interactions and any changes in the fluid viscosity were
insignificant (see Fung 1990, for more discussion). We adjusted the water density to
match the particle density of 1.03 g cm−3 by adding 35 g of salt per litre of water. At
rest, the particle distribution remained unchanged over 18 h, thus confirming that the
particles were neutrally buoyant. The mixture of salt water and particles recirculated
in the experimental set-up in order to have identical conditions (particle concentration,
water density and water temperature) for each experiment.
We performed the PIV experiments in a dark room. Two 1 kW filament
photographic lamps, each mounted with a long focal-length spherical lens to focus
the filament into a sheet, illuminated the tank from above through a 5 mm slit centred
on the mid-plane (y = 0). Every effort was made to keep the width of the light sheet
constant and smaller than the gap width in order to attenuate reflection issues with
the tank walls. This also meant that we could not make any measurements away from
the mid-plane (y = 0) because, as we moved the light sheet closer to the wall in the
narrow gap, reflection at the wall perturbed the measurements. From image inspection,
the number of particles that appeared much slower than the rest, probably because
they were trapped in the boundary layers, was sufficiently small (of the order of 10 %)
not to affect the imaging analysis and corrupt the computation of the velocity field.
We recorded the flow motion using the same high-speed camera as described above.
The camera filmed two 0.4 m × 0.4 m study areas centred on the jet axis (as shown
in figure 1). The frequency of image acquisition was set at 500 Hz for a duration
of 10.9 s for study area 1 and at 250 Hz for a duration of 21.8 s for study area 2.
The acquisition frequency was much higher than the largest Kolmogorov frequency
scale. Moreover, the length of the video was long enough to compute meaningful
temporal averages. Study area 1 covered a height from z = 0 to 0.4 m, while study
area 2 covered a height from z = 0.2 to 0.6 m. Hence, the jet was studied from its
source up to a distance of 120 d. The width of the study area is larger than the length
scale of the jet at every height. The 1024 × 1024 pixel images were analysed using
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FIGURE 2. Sequence of grey-scale pictures of a dyed jet (Rej = 3850) rising in the tank, at:
(a) 1 s; (b) 2 s; (c) 3 s; (d) 4 s; and (e) 5 s. The average dye edge is plotted with black lines.
The arrow in (e) points at the engulfment mechanism occurring at the rear of an eddy.
DigiFlow (see Sveen & Dalziel 2005, and references therein for more details about the
PIV algorithm used by DigiFlow). The spatial velocity resolution was at 6.6 mm based
on interrogation areas of 17× 17 pixels with 75 % overlapping. This resolution proved
to be sufficiently small from z = 20 d upwards. Six steady turbulent jets of flow rates
33.2, 37.0 and 40.3 cm3 s−1 were investigated in both study areas. The jet Reynolds
number was in the range 33206 Rej 6 4030.
3. Qualitative observations
A sequence of grey-scale pictures of a typical injection of dye in a steady-state jet
with Rej = 3850 is presented in figure 2 as the dye front rises through the full depth
of the quasi-two-dimensional tank. These pictures reveal many interesting features
of quasi-two-dimensional jets. The saturated dye clearly shows the maximum lateral
extent of the turbulent jet. The dye gradually fills a triangle (plotted in black lines),
which suggests that entrainment is self-similar with height, at least when averaged
over sufficiently long times. Before filling the full triangle width, we can observe
(especially in figures 2d and 2e) an oscillation of the jet, as the dye path is clearly
sinuous. Large round structures corresponding to eddies can also be identified on either
side of the centreline. Dracos et al. (1992) observed similar structures for a range
of distances 10 6 z/W 6 120. The curvy edge of the jet suggests a characteristic
scale, typically half the width of the triangle (approximately 10 cm at mid-height).
These eddies result from the instability of the shear layer at the border between the
jet and the ambient fluid (Jirka 2001). Furthermore, tongues of ambient fluid (in
white or light grey) appear at the rear of the largest eddies (see arrow in figure 2e).
This phenomenon was also observed by Dimotakis, Miake-Lye & Papantoniou (1983)
in the far field of round turbulent jets, and by Thomas & Brehob (1986) for two-
dimensional turbulent jets. The role played by the eddies in the entrainment, by
means of engulfment mechanisms at their rear, was modelled by De Young (1997)
in an attempt to determine quantitatively the mass inflow contribution of large-scale
structures in two-dimensional mixing layers.
Although the eddies observed in quasi-two-dimensional jets, such as the jet
presented in figure 2, have some similarities with eddies in planar two-dimensional
jets, it is important to note that the latter are genuine three-dimensional eddies while
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FIGURE 3. (Colour online available at journals.cambridge.org/flm) (a) Passive tracers
(Pliolite particles) shown as streaks in a typical jet (Rej = 4030) filmed in study area 2.
(b) Velocity field (arrows) and vorticity field (background) of the same jet. (c) Schematic
diagram describing the structure of quasi-two-dimensional jets.
the former should be referred to as quasi-two-dimensional eddies because of the
restriction imposed on the flow in the spanwise direction. The growth dynamics of
quasi-two-dimensional eddies is governed by an inverse cascade of turbulence, while
three-dimensional eddies tend to grow with mean-flow length scales. On the other
hand, quasi-two-dimensional eddies also differ from purely two-dimensional eddies
because friction at the boundaries, although relatively weak, restrains the maximum
size of the eddies (Jirka 2001) and eventually leads to their disintegration (Dracos
et al. 1992). Finally, it is worth noting that at the leading edge the dye concentration
attenuates, suggesting that diffusion occurs in a steady jet. Diffusion in quasi-two-
dimensional jets is likely to be the result of a complex interaction between the eddies
and the sinuous turbulent core of the jet.
The second batch of experiments involved quantitative measurements of the velocity
field using the PIV technique. Typical results for a jet at Reynolds number 4030
analysed in study area 2 are depicted in figure 3. In figure 3(a), a superposition
of 40 images of the filming of the experiment shows the tracers as streaks to help
visualize Eulerian structures in the flow. The corresponding velocity field is presented
in figure 3(b), and it is clear that the main structures of the jet have been captured
by the PIV. A high-speed core undulates along the centreline and is bordered by
alternating counter-rotating eddies on the sides. The eddies are responsible for the
entrainment and detrainment of fluid to and from the central core in a time-dependent
fashion. Owing to the particular geometry of the tank, the turbulence cannot develop
isotropically and we observe rather an inverse turbulent cascade in which quasi-two-
dimensional eddies grow with height (De Young 1997). This mechanism is confirmed
in the experiment, as flow structures increase in size as they are advected upwards.
The schematic cartoon displayed in figure 3(c) summarizes these ideas. The time-
averaged mean picture of quasi-two-dimensional jets is associated with a triangular
shape encapsulating all the flow structures, while the time-dependent picture shows
a sinuous core flanked by large growing eddies. This two-part structure remains self-
similar with height and its dynamics is responsible for the Gaussian distribution of the
mean velocity, as we will discuss in § 5.
4. Time-averaged mean flow field
To characterize the mean behaviour of quasi-two-dimensional jets, we consider
the ideal model of a turbulent momentum jet in a two-dimensional semi-infinite
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environment. Adopting the same conventions as Jirka & Harleman (1979), the flow
is considered incompressible and steady in the mean. The x-direction is the lateral,
cross-jet direction, the y-direction is the spanwise direction and the z-direction is the
streamwise, axial direction. The velocity components are designated by (u, v,w) for
the Cartesian system (x, y, z) with the origin at the nozzle exit. We assume a plane
flow in the domain: the velocity field and any other quantities are invariant with y, and
v = 0 everywhere. This hypothesis can be justified in three ways: the velocity profile
across the gap must be self-similar in the core and the influence of the boundary
layers is of second order at high Reynolds number; the v-component of the velocity
is negligible compared to the other two components; and ambient fluid can only be
entrained from the sides of the jet, i.e. in the x-direction. We also use the common
hypothesis of a Gaussian profile (see e.g. List 1982) for the time-averaged vertical
velocity,
w(x, z)= wm(z) exp
[
−
(
x
b(z)
)2]
, (4.1)
where the over-bar represents an appropriate average in time, wm(z) is the maximum
vertical velocity at distance z from the source and b(z) is a measure of the local lateral
spread of the jet velocity. We derive briefly the governing equations for plane jets,
based upon the conservation of volume and momentum (see, for instance, Kotsovinos
& List 1977, for more details). The time-averaged volume flux and the time-averaged
momentum flux are expressed respectively as
Q(z)=
∫ ∞
−∞
w(x, z) dx and M(z)=
∫ ∞
−∞
(w)2(x, z) dx. (4.2a,b)
Solving the first-order integrated equations of motions, we find
dM
dz
= 0, dQ
dz
= 2αwm ⇒ M =M0, Q= Q0
(
4
√
2α
M0z
Q20
+ 1
)1/2
, (4.3a–d)
where we assume in (4.3b) that the entrainment velocity is proportional to the
maximum time-averaged vertical velocity, with α the entrainment coefficient (Morton,
Taylor & Turner 1956), and Q0 and M0 are values at the origin for the volume flux
and momentum flux, respectively. The e-folding value of the maximum time-averaged
vertical velocity and the maximum time-averaged vertical velocity are, respectively,
b(z)= Q
2
0√
2piM0
(
4
√
2α
M0z
Q20
+ 1
)
and wm(z)=
√
2M0
Q0
(
4
√
2α
M0z
Q20
+ 1
)−1/2
.
(4.4a,b)
We can infer the theoretical virtual origin of the jet z0 = −Q20/(4
√
2αM0), which
results from the choice of the boundary conditions (i.e. the distributions of the volume
flux and momentum flux at z= 0).
Alternatively, solving the plane jet equations assuming momentum-flux conservation
and similarity (see e.g. Pope 2000) also leads to the same power laws for the e-folding
value of the maximum time-averaged vertical velocity, b ∝ (z − z0), and the maximum
time-averaged streamwise velocity, wm ∝ (z− z0)−1/2. The constants of proportionality
and the virtual origin can differ because of the assumptions we make for the
x-distribution of wm (essentially due to ‘shape factors’) and for the boundary
conditions. As a direct comparison with the ‘velocity spread rate’ S defined
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FIGURE 4. Non-dimensional average dye edge (dots) with a linear fit (thin line); non-
dimensional e-folding value of the maximum time-averaged vertical velocity bˆ (crosses) with
a linear fit (thick line); and non-dimensional average velocity spread rate (dashed line) using
α = αwm computed from the best fit of wm/(Q0/d) (see figure 5).
as dx1/2/dz = S (where x1/2 is the velocity half-width defined by wm(z)/2 ≡ w(x1/2, z)),
we can remark that S= 4 (ln 2/pi)1/2 α (see Pope 2000, for further details about S).
Equations (4.4a,b) suggest that the natural scalings for length and time scales in
our problem are d, the source width, and τ = d2/Q0, respectively. Therefore, when
considering our experimental data, we will always scale quantities with these scalings,
i.e.
zˆ= z
d
, xˆ= x
d
, bˆ= b
d
, tˆ = t
τ
, wˆ= τ
d
w, (4.5)
where hats denote non-dimensional variables.
For comparison with the theoretical model, we time-averaged the velocity field
measured with PIV. We plot the lateral spread, the evolution with height and the
horizontal distribution of the time-averaged vertical velocity. We also discuss the
influence of the free surface at the top boundary, the impact of the lateral confinement
and possible three-dimensional effects on the flow, such as friction at the walls
constraining the flow.
In figure 4, we show the ensemble average of the edges of 40 dyed jets (plotted with
dots). The evolution of the dye edge with height clearly indicates that above z/d = 120
the influence of the free surface becomes non-negligible. This height serves as a lower
bound for the ‘impingement region’ (see Jirka & Harleman 1979, for a detailed study).
The zone of established flow is found to start at approximately z/d = 20, a value at
which the vertical velocity becomes self-similar. This value is commonly reported in
the literature (see e.g. Kuang, Hsu & Qiu 2001). A linear fit of the non-dimensional
average dye edge (plotted with a thin line in figure 4) calculated for 20 6 z/d 6 120
Meandering and self-similarity of quasi-two-dimensional jets 355
Data
Theory
Best fit
20 40 60 80 1000
0.1
0.2
0.3
0.4
0.5
0.6
0.7
120
FIGURE 5. Non-dimensional maximum time-averaged vertical velocity (pluses) versus
height, theoretical curve (solid line, and using αb = 0.068) and best least-squares fit (dashed
line) optimizing with respect to α (using αwm = 0.052).
gives a slope of 0.22 ± 0.08 for the half-spreading angle. We can observe that the
non-dimensional e-folding value of the maximum time-averaged vertical velocity bˆ
(plotted with crosses) is much narrower. We discuss this difference further below. We
also compute the quantity bˆ from the ensemble average of the 12 jets studied with
PIV. A linear fit (plotted with a thick line) calculated for 20 6 z/d 6 120 gives the
rate of change, db/dz = 0.154 ± 0.016, which is slightly above the value of 0.135
reported by Ramaprian & Chandrasekhara (1985) and very similar to the value based
upon Albertson et al. (1950). Using (4.4a) the corresponding entrainment coefficient
(determined to best-fit the vertical variation of b) is αb = 0.068 ± 0.007 (which is
equivalent to Sb = 0.125± 0.015), and we find that αb is almost constant in the zone of
established flow, thus confirming the entrainment assumption (Morton et al. 1956).
In figure 5, we plot the non-dimensional maximum time-averaged vertical velocity
wm/(Q0/d) against height. The crosses are plots of an ensemble average over all
the jets studied with PIV. Although the agreement is good, they lie slightly but
systematically above the theoretical curve (plotted with a solid line) for z/d 6 100. We
computed the theoretical curve from (4.4b) and using α = αb. The value of Q0 was
measured for each jet as described in the experimental procedure. On the other hand,
since M0 could not be measured directly, it was replaced by M by virtue of (4.3c).
As shown in figure 6, the momentum flux M (plotted with pluses) computed from
the time-averaged vertical velocity field using (4.2b) (the boundaries of the integral
are chosen as the positions where wm = 0) is found to be approximately constant for
34 6 z/d 6 110. For z/d < 34, the data do not seem accurate, probably because the
frame rate is not high enough for the large velocity at that distance, and the resolution
of the PIV could also not be optimal where the jet is very narrow. For z/d > 110,
the influence of the impingement region as the jet approaches the free surface at the
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FIGURE 6. Non-dimensional time-averaged momentum flux (pluses) versus height and
average value 〈M〉/(Q20/d)= 0.55 (solid line).
top seems to start affecting the momentum flux. The mean non-dimensional value
of the momentum flux is 〈M〉/(Q20/d) = 0.55 ± 0.03 (plotted with a solid line in
figure 6). Giger et al. (1991) reported and discussed the wide range of values for
the non-dimensional momentum flux measured in plane jets from the literature: from
0.52 (Cervantes de Gortari & Goldschmidt 1981) to 1.77 (Antonia, Satyaprakash &
Hussain 1980). We analysed the influence of friction at the rigid boundaries on the
momentum flux and found a Fanning friction factor of f ≈ 0.007 assuming a wall
stress of the form τw = fρ〈w〉2/2, where ρ is the water density and 〈w〉 is the spatial
averaged velocity in the y-direction (Bird, Stewart & Lightfoot 2007). The influence
of friction is relatively small compared to the mean value of the momentum flux (of
the order of 10 %) and therefore has not been included in our constant momentum-flux
model (see Giger et al. 1991, for a detailed study). In figure 5, a least-squares fit
of the data (plotted with a dashed line) assuming (4.4b) and optimizing with respect
to the entrainment coefficient yields an optimal choice for α from the z dependence
of the maximum velocity αwm = 0.052 (which is equivalent to a velocity spread rate
Swm = 0.098). The fact that αwm (also plotted with a dashed line in figure 4) is
slightly smaller than αb means that some assumptions of the model underlying (4.4a,b)
(which should yield identical estimates for α using b(z) and wm(z)) are not perfect. In
particular, we believe that the Gaussian distribution hypothesis is not ideal, as slight
deviations from Gaussianity could explain the mismatch.
In figure 7(a), we show the horizontal distribution of the normalized time-averaged
vertical velocity w/wm. The horizontal axis is centred on the position of the maximum
time-averaged vertical velocity. All the curves result from an ensemble average of six
or 12 jets, depending on where the vertical position of the curve lies with respect
to the two study areas for the PIV. The experimental data (plotted with different
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FIGURE 7. (Colour online) (a) Horizontal distribution of the normalized time-averaged
vertical velocity at various heights (plotted with different shades of grey/colours) and
theoretical prediction (plotted with a thick dark grey/red line). (b) Horizontal distribution
of the normalized sum of the time-averaged vertical velocity and the absolute value of the
estimated time-averaged vertical velocity of the return flow (defined by (4.6)) at the same
heights as in (a) (plotted with different shades of grey/colours) and theoretical prediction
(plotted with a thick dark grey/red line).
shades of grey/colours) are in very good agreement with the theoretical curve (plotted
with a thick dark grey/red line) computed from (4.1) using α = αb and neglecting
any consideration of virtual origin (Kotsovinos 1976). Nevertheless, the experimental
curves are somewhat narrower than the theoretical Gaussian velocity profile. This
discrepancy is consistent with a smaller entrainment coefficient, as suggested by the
best fit of wm/(Q0/d) in figure 5. The mismatch is probably caused by the return flow
in the tank, which is not accounted for by the model, where an infinitely wide domain
is assumed.
The problem of the return flow in a domain of finite lateral extent is more prominent
in plane jets than in (fully unconfined non-planar) three-dimensional jets. In plane
jets, the entrainment velocity remains constant outside the jet, whereas it decreases
with distance in the three-dimensional case. As a consequence, we can observe a
negative shift in the horizontal distribution of the time-averaged vertical velocity
(see figure 7a), which denotes the presence of the return flow. The flux of the
return flow, Qr, increases with height, as it matches the jet volume flux Q owing
to conservation of volume at every height across the width of the tank. We can
estimate the time-averaged vertical velocity distribution of the return flow by applying
volume conservation at each height. For all z, the total volume flux on both sides of
the jet is Qr = Q − Q0. We assume that the return velocity is distributed uniformly
along −L/2 6 x 6 −x0 and x0 6 x 6 L/2, where x0 ≈ 0.25z is defined as the location
where w = 0. Therefore, using (4.3d) and (4.4b) we find that the time-averaged return
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velocity is
wr
wm
=− Q
2
0
2
√
2M0(L/2− x0)
[(
4
√
2α
M0
Q20
z+ 1
)
−
(
4
√
2α
M0
Q20
z+ 1
)1/2]
, (4.6)
where we use α = αb = 0.068 and M0 = 〈M〉 = 0.55Q20/d to plot figure 7(b). As can be
seen in figure 7(b), adding this simple estimation of the return-flow velocity wr to the
jet velocity w has corrected the negative shift in the experimental data. At every height,
except z/d = 20, the velocity tends to a zero asymptotic value for large |x/z|.
From comparison with similar experiments that we conducted in a smaller domain
(0.5 m × 0.01 m × 0.5 m) and with experimental results reported in the literature
and obtained in larger tanks of various aspect ratios and with porous or non-porous
lateral boundaries (Giger et al. 1991; Dracos et al. 1992; Rowland et al. 2009), we
believe that the impact of the return flow is limited and affects only the distribution
of the time-averaged vertical velocity in the manner described above. From direct
measurements we also find that the momentum flux associated with the return
flow is small compared with the momentum flux in the jet (from 0 to 15 % for
z/d = 0 to 110). We have not observed any qualitative or quantitative influence of the
return flow on the time-dependent core and eddy structure described in § 3.
The experimentally measured vertical velocity field follows closely the predictions
given by the derivation of the momentum and continuity equations for two-
dimensional turbulent jets. The small difference due to the lateral confinement of
the experimental jets leads us to the conclusion that the entrainment coefficient is
within the range 0.052 6 α 6 0.068. The purpose of the study of the mean flow is
not to understand all the details of this flow but rather to give us some insight about
the flow field in this particular geometry. More refined models for the plane jet can
be found in the literature (see e.g. Giger et al. 1991; Hussein, Capp & George 1994;
Wang & Law 2002).
5. Quantitative analysis of the time-dependent core and eddy structure
5.1. Time-dependent eddy structure
We now analyse the core and eddy structure of the flow using the experimental
results given by the PIV. We identify large vortical structures or ‘eddies’ in individual
frames of the instantaneous velocity field using DigiFlow, as shown in figure 8(a).
Considering a specific frame, we find regions of the instantaneous flow field where
streamlines form a complete loop. This technique is similar to the eddy identification
method proposed by Robinson (1991). We plot the streamlines forming a complete
loop in figure 8(a) with grey curves. We then analyse each patch, or eddy, to obtain
statistical measurements such as the centroid (identified by the location of the black
crosses) and the standard deviations in the horizontal and vertical directions (shown
by the size of the crosses). The coordinates of the centroid (xc,k, zc,k)(t) of eddy ‘k’ at
time t are computed numerically as
(xc,k, zc,k)(t)= 1Lx∑
x=0
Lz∑
z=0
∆k(x, z, t)
Lx∑
x=0
Lz∑
z=0
(x, z)(t)∆k(x, z, t), (5.1)
where Lx and Lz are the horizontal and vertical dimensions of the velocity field and
∆k(x, z, t) is 1 if the point (x, z)(t) belongs to a streamline identified as part of eddy k
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(a) (b)
FIGURE 8. (a) Identification of the vortical structures in the instantaneous velocity field
(plotted with black arrows). The streamlines identified within an eddy are plotted with grey
curves. The black crosses designate the centroid of the eddies, and the size of the crosses
represents their standard deviations in the horizontal and vertical directions. (b) Identification
of the core structure in the same instantaneous velocity field (plotted with black arrows). The
streamlines identified as part of the core structure are plotted with grey curves.
at time t and 0 otherwise. Similarly, the horizontal and vertical standard deviations
(xs,k, zs,k)(t) of eddy k at time t are computed numerically as
(xs,k, zs,k)(t)=
 1Lx∑
x=0
Lz∑
z=0
∆k(x, z, t)
Lx∑
x=0
Lz∑
z=0
((x, z)(t)− (xc,k, zc,k)(t))2∆k(x, z, t)

1/2
.
(5.2)
We applied the algorithm every 10 frames to the six experimental velocity fields. The
eddies are thus tracked in time at a frequency of 25 Hz. As a quality control of
the technique, we conducted a visual inspection of all the eddies identified by the
algorithm. This showed that the algorithm was very robust. It did not appear to be
subject to ‘false positives’, i.e. the misidentification of a non-eddy feature of the flow
as an eddy. The algorithm only occasionally failed to detect eddies (i.e. there were
very few ‘false negatives’) when the eddies partially appeared at the edges of the
frame.
The trajectories of 48 eddies are shown in figure 9 (plotted with black dots). A
linear fit (shown with a solid line) gives an average slope of 0.22 from the vertical. We
also plot the linear fits of the ensemble-averaged horizontal standard deviation of the
eddies, a measure of the average eddy width, with dashed lines. The horizontal and
vertical standard deviations were found to be almost identical, showing that the eddies
are close to circular in shape. They both have a linear trend increasing with height at a
rate of 0.07.
The non-dimensional location of each eddy in time has been plotted in figure 10
with dots. We can see a general trend, which follows the power law zˆ ∝ tˆ 2/3
(plotted with a solid curve) derived from the maximum time-averaged vertical velocity
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FIGURE 9. Eddy locations in PIV study area 2 (dots), linear fits of eddy locations (solid
lines) and average eddy horizontal standard deviations (dashed lines).
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FIGURE 10. Eddy z-coordinate versus time (dots) and best least-squares fit (solid curve)
assuming zˆ∝ tˆ 2/3.
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FIGURE 11. (Colour online) (a) Data for the non-dimensional eddy frequency fd2/Q0 versus
height (thin lines) and best fit of Dracos et al. (1992) (dashed curve). The values of fd2/Q0
for a typical individual experiment have been highlighted with dark grey/red crosses. (b) Data
for the Strouhal number St = fb/wm versus height (dots) and Strouhal number reported by
Dracos et al. (1992) (dashed line). The values of St for the same experiment have also been
highlighted with dark grey/red crosses.
formula (4.4b). The large scatter is due to the complex dynamics of individual
eddies. We found that not all eddies travelled through the depth of the PIV window
completely unperturbed. We observed merging of close successive eddies, with the
first eddy slowing down considerably, sometimes even halting, and the following eddy
accelerating substantially. Similarly to the observations made by Dracos et al. (1992),
we did not see eddies rotating around a common axis before merging. We also noticed
some small eddies disappearing in the vicinity of the core. From the best fit of the
eddy vertical position in time, we find that the average eddy speed is 0.28 times
the theoretical wm and 0.24 times the best fit of wm. The fastest identified eddy
rises approximately at the same speed as the centreline time-averaged vertical velocity,
whereas the slowest eddy rises at less than 15 % of wm.
To investigate the eddy frequency, we counted the number of eddies (identified by
the algorithm described above) passing at a given height on either side of the core
of the jet. We measured this number for the six PIV experiments performed in study
area 2 and then divided it by the duration of the experiment, i.e. 21.8 s. The resulting
non-dimensional eddy frequency fˆ = fd2/Q0 is plotted with thin lines in figure 11(a).
Dracos et al. (1992) found an empirical law for the eddy frequency, fˆ = 176zˆ−3/2
(plotted in non-dimensional form with a dashed curve), and explained that f decreased
as a result of the decrease of the eddy transport velocity and merging mechanisms.
However, if we assume that eddies form periodically, then the eddy frequency should
remain constant with height, since eddies travel on average at the same velocity.
The frequency can only decrease if eddies merge (or, to a lesser extent, disappear).
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Merging occurs when the distance between two successive eddies is smaller than
a critical value. The distance between two eddies decreases because their transport
velocity decreases like zˆ−1/2 and because eddies grow approximately linearly with
height due to entrainment of ambient fluid.
The punctuated decrease in frequency can actually be observed in figure 11(a) as
we follow individual experiments (see the values of f for a typical experiment plotted
with dark grey/red crosses). The frequency f is constant over a certain distance and
then drops by a discrete value in a stepwise way. This is also clearly shown by
the evolution of the Strouhal number, St = fb/wm, plotted with dots in figure 11(b)
and with dark grey/red crosses for the same typical experiment. The Strouhal number
increases like St ∝ zˆ 3/2 from a minimum value of St = 0.07 consistent with the
value reported by Dracos et al. (1992) (plotted with a dashed curve) and then drops,
somewhat chaotically but consistently, to this minimum value as merging occurs.
Because merging becomes less frequent as z/d increases, the length of time over
which f is constant (and hence St increases) increases with z/d. This leads to the
increase in both typical values of the Strouhal number and its variance, as is apparent
in figure 11(b). The actual value of the minimum Strouhal number appears to depend
on the eddy formation frequency, the travel speed of the eddies, the growth of the
eddies due to entrainment and the dynamics of merging, in ways that are not as yet
fully understood.
To summarize, the eddies have on average a linear trajectory, a constant growth
with height and a velocity similar to the time-averaged mean vertical velocity of
the jet. All these findings lead to the conclusion that the dynamics of the eddies
is essentially self-similar with height, at least within the region of the flow that we
have studied. From the analysis of the time evolution of the streamlines leading to
the eddies, we can also attribute the growth of the eddies mainly to the entrainment
of ambient flow. Eddy merging occurs irregularly and is responsible for the decrease
of the long-time-averaged eddy frequency, with an apparently well-defined minimum
Strouhal number St > 0.07.
5.2. Time-dependent core structure
Similarly, we identify the core of the jet by plotting all the streamlines that exit
through the top of a specific velocity field. Effectively, the algorithm follows the
streamlines backwards starting from the points at the top horizontal boundary of the
velocity field. However, in the following discussion, we consider the streamlines in the
forward direction with their endpoint at the top of the velocity field. The identification
of the streamlines of the core is repeated every 10 frames for each PIV velocity
field, thus giving a dynamical picture of the core at a frequency of 25 Hz. It can
be seen in figure 8(b) that some streamlines (plotted with grey curves) start at the
bottom boundary of the window while others come laterally inwards. The streamlines
coming from the bottom of the frame reveal the volume flux brought by the jet itself
into the frame. The streamlines coming from the sides of the jet show the entrained
volume flux. They actually reveal how entrainment of ambient fluid occurs as they
wrap around eddies and then are incorporated into the core. It is clear that eddies
constitute an essential entrainment mechanism by engulfing ambient fluid at their rear.
The starting point of entrained streamlines (i.e. the location at which we consider them
as part of the core) is chosen where the vertical component of their gradient changes
sign.
This choice raises the more fundamental question about the boundaries of the core.
The boundary between the core and the eddy is clearly defined since the algorithms
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FIGURE 12. Time-averaged mean core structure in PIV study area 2. Probability density
function (thick solid curves) of the core at different heights, and data (thin solid curves) and
linear fits (dashed lines) of the time-averaged standard deviation xstd of the core.
used to identify both structures ensure mutual exclusion. However, at the top and
bottom of the window, this boundary can be ambiguous if large eddies are not entirely
seen in the image frame. At the top of the frame, the error zone is actually restricted
to z > 118 d, which is approximately where the self-similarity region of the jet ends.
At the bottom of the frame, the error zone is insignificant since the eddies are much
smaller. Moreover, we found that the starting point chosen for entrained streamlines
has no effect on the time-averaged distribution of the core and negligible impact on
time-dependent distributions. Therefore, although somewhat arbitrary, we believe that
our criterion determining the boundary between the core and the ambient flow reflects
the diffusion of momentum from the jet to the ambient flow.
We present the distribution of the probability density function (p.d.f.) of the core
(plotted with thick solid curves) at different heights in figure 12. The discrete
formulation of the p.d.f. is
p.d.f.(x, z)= 1
N
N∑
n=0
∆n(x, z), (5.3)
where N is the total number of frames for a given experiment, n designates the nth
frame and ∆n(x, z) is 1 if the point (x, z) belongs to a streamline identified as part of
the core of the jet and 0 otherwise. Its shape is Gaussian-like on the edges and flatter
in the middle. The flat portion corresponds to the section of the jet always occupied
by the core. The width of this section grows linearly with height on average, as shown
by the standard deviation measurement xstd (plotted with thin solid curves for the
experimental data and dashed lines for the linear fits), at a rate of 0.12. Furthermore,
the momentum flux of this portion remains constant with height at a value of 78 %
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FIGURE 13. Distribution of the instantaneous normalized vertical velocity w(t)/wn (solid
curves) at different heights and corresponding to the jet presented in figure 8(b).
Instantaneous standard deviation xstd(t) (dashed curves) of the core of the jet presented in
figure 8(b) with its eddies (crosses, with the size representing the horizontal and vertical eddy
standard deviations).
of the total momentum of the jet. The edges of the p.d.f. correspond to the lateral
excursions of the core. It is interesting to note a similarity between the distribution
of the p.d.f. of the core, as presented in figure 12, and a typical distribution of the
intermittency function measured in quasi-two-dimensional jets (see e.g. Dracos et al.
1992). Both display a plateau equal to 1 in the interior of the jet and a Gaussian-like
decrease tending towards 0 as |x/z| increases. Nevertheless, the intermittency function
and the p.d.f. of the core are different, both in the way they are computed and in
their meaning. The p.d.f. of the core is a measure of the probability of being in the
core (which is identified by the algorithm described above). On the other hand, the
intermittency criterion measures the probability of being in a turbulent region. The
similarity observed between these two functions is probably due to the fact that the
core is a region where the amplitude of the turbulent fluctuations increases towards
the jet centreline. However, the lateral spreading of the two functions should differ
because, contrary to the intermittency function, the p.d.f. of the core excludes the
eddies, which are also regions of large velocity fluctuations.
A typical standard deviation xstd(t) of the p.d.f. of the core at the time instant
corresponding to the jet shown in figure 8(b) is plotted with dashed curves in
figure 13. The undulations of the jet, which we already observed on dyed jet
pictures, are primarily a feature of the edges of the core. The distribution of the
instantaneous vertical velocity w(t) corresponding to the same time instant is plotted
with solid curves at different heights in figure 13. We normalize w(t) with the
maximum instantaneous vertical velocity wn measured at the lowest height in the
frame, zˆn = 42.4. We can observe that the instantaneous velocity decreases with height
and spreads laterally as expected from the self-similar theoretical model. Furthermore,
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the velocity distribution is not centred on the z-axis but follows the undulations of the
core described by xstd(t). The velocity within the core is much larger than the velocity
outside, thus underlying the presence of this high-speed core in the jet. It is also very
interesting to note that the lateral decrease of the velocity is slower in the interiors of
the undulations than in the exteriors. This is due to the presence of the eddies (shown
as crosses, with the size of the crosses representing the horizontal and vertical eddy
standard deviations) located in the curves of the core structure and which carry some
upward momentum flux (slightly less than a quarter of the total momentum flux on
average).
The linear growth of the core shows that it is self-similar with height within the flow
region studied, as we found for the eddies. The spatial statistical distribution of the
location of the core is due to its particular wave-like dynamics. The undulations along
the centreline of this high-velocity core are characterized by an essentially self-similar
p.d.f. The standard deviation of the p.d.f. increases with height at a rate of 0.12,
which is quite close to the rate of change with height of the mean velocity spread
rate db/dz= 0.15. The spatial Gaussian distribution of the time-averaged mean vertical
velocity is therefore the result of the statistical spatial distribution of the undulating
core. It is difficult to assess whether the eddies have a direct contribution to this
statistical process. However, their role in the large-scale dynamics of the core is
essential.
6. Conclusion
In this experimental study of quasi-two-dimensional turbulent jets (and similarly to
Giger et al. 1991 and Dracos et al. 1992), we have observed that the flow organizes
into a very interesting structure with a sinuous core of high vertical velocity oscillating
about the centreline and eddies rising and growing along the undulations. As predicted
by the theoretical model, we find that: the mean velocity field measured with PIV
is self-similar with height (see figure 14); the normalized time-averaged vertical
velocity profile w/wn (plotted with thick solid curves, where wn is the maximum
time-averaged vertical velocity at the lowest height, zˆn = 42.4) is close to a Gaussian
distribution; and the velocity peak decreases as zˆ−1/2 with height. The return flow
due to the lateral confinement of the jet could explain the small mismatch between
the theory and the experimental results. Friction at the bounding walls has only a
second-order effect on the momentum flux (of the order of 10 % compared to the
average value of the momentum flux) and thus on the velocity field. Within the flow
region studied, we also find that both the eddies (average eddy paths plotted with
dashed lines) and the core (time-averaged standard deviation plotted with thin solid
lines) are on average self-similar with height, which is not described by the theory
and is fundamentally different from either a (fully unconfined planar) two-dimensional
jet or a (fully unconfined non-planar) three-dimensional jet, where the turbulence is
unconfined and three-dimensional.
The confinement of the jet in a narrow gap undoubtedly changes the structure
of the turbulence in the flow with a quasi-two-dimensional inverse cascade allowing
large eddies to grow. This persistent growth of eddies is contrary to three-dimensional
turbulence. The eddies form within the intense shear layer at the boundary between the
jet and the ambient flow when the width b of the jet is larger than the thickness W
of the flow (Dracos et al. 1992). Then, the eddy structures appear periodically at a
given height. The eddy frequency decreases with height due to merging and we find
a well-defined minimum Strouhal number St > 0.07. The dynamics of these eddies is
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FIGURE 14. Distribution at different heights of: normalized time-averaged vertical velocity
w/wn (thick solid curves); time-averaged standard deviation of the mean core xstd (thin solid
lines); ensemble-averaged mean trajectory of eddies (dashed lines); and average dye edge
(dotted lines).
strongly coupled with the dynamics of the core. The core, which moves on average
four times faster and carries approximately 75 % of the momentum flux, flows round
the eddies. The consequence of these lateral excursions is seen in the mean velocity
field. We believe that the unstable dynamics of the core characterized by its probability
density distribution is responsible for the Gaussian profile of the time-averaged vertical
velocity. In this flow, it is the two-dimensional macrostructure and not the three-
dimensional small-scale turbulence that produces the Gaussian distribution.
Therefore, analysing the instantaneous flow field is key to understanding how
entrainment, mixing and dispersion occur in the jet. The eddies play a leading role
in the entrainment by engulfing ambient fluid at their rear, as we noticed from the
study of the streamlines in the core and eddy structure. This entrainment mechanism
ensures the linear growth of both the core and the eddies, therefore explaining the
self-similarity of these structures. The exchange of fluid between the core and the
eddies is permanent and in both directions as streamlines evolve in time from being
closed within an eddy to being open and stretched in the core. It is perhaps surprising
that the entrainment assumption of Morton et al. (1956), modelling entrainment due to
three-dimensional turbulent mechanisms, can also describe the fundamentally different
two-dimensional case. We find that the entrainment coefficient is 0.052 6 α 6 0.068,
depending on how it is calculated. The dyed jet experiments revealed the vigorous
mixing effect of the eddies. It is also worth noting that the average dye edge (shown
with dotted lines in figure 14) coincides with the average outer boundaries of the
eddies, which is the physical maximum lateral extent of the jet. Mixing is apparently
not as strong in the core, but intense stretching leading to large vertical dispersion
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occurs at the interface with the eddies. This region is delimited between the thin solid
lines and the dashed lines shown in figure 14.
In conclusion, a probabilistic description of the core–eddy structure of quasi-two-
dimensional jets leads to a self-similar Gaussian description of the time-averaged flow.
The instantaneous flow has a very different character from either (fully unconfined
planar) two-dimensional flows or (fully unconfined non-planar) three-dimensional
flows. Bulk long-time-averaged properties are consistent with conventional theoretical
models, but the mixing and dispersion cannot be accounted for by these time-averaged
models. Future studies will investigate quantitatively the mixing, diffusion and vertical
dispersion in such quasi-two-dimensional jets.
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